
ac-dc voltage profile and four point impedance of a quantum driven system

Federico Foieri and Liliana Arrachea
Departamento de Física “J. J. Giambiagi” FCEyN, Universidad de Buenos Aires 1428 Buenos Aires, Argentina

and Instituto de Física de Buenos Aires, Ciudad Universitaria Pab.I, 1428 Buenos Aires, Argentina
�Received 15 May 2010; published 17 September 2010�

We investigate the behavior of the time-dependent voltage drop in a periodically driven quantum conductor
sensed by weakly coupled dynamical voltages probes. We introduce the concepts of ac-dc local voltage and
four point impedance in an electronic system driven by ac fields. We discuss the properties of the different
components of these quantities in a simple model of a quantum pump, where two ac voltages oscillating with
a phase lag are applied at the walls of a quantum dot.
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I. INTRODUCTION

In stationary transport through mesoscopic systems, the
four point terminal resistance is regarded as the proper con-
cept to characterize the resistive behavior of the sample, free
from the effects of the contact resistances. This concept has
been introduced in Refs. 1 and 2, and further elaborated in
Refs. 3 and 4. Its behavior in different systems under dc
driving has been analyzed in several theoretical works.5 Re-
cent experiments on semiconducting devices6 and carbon
nanotubes7,8 constitute evidences that this quantity can be
positive as well as negative at low temperatures, in agree-
ment with theoretical predictions on the basis of coherent
electronic transport.1–5

Time-dependent quantum transport in ac driven small-size
systems is receiving nowadays considerable theoretical and
experimental attention. A variety of devices such as quantum
dots, electronic systems in the quantum Hall regime, quan-
tum capacitors, and graphene nanoribbons have been re-
cently investigated experimentally.9–11 Among other interest-
ing effects, the mechanisms for the induction of dc electronic
and spin currents,12–20 the behavior of the dc and t-resolved
noise,21,22 the energy transport and the heat generation23 have
been analyzed.

While the experimental setups in some of these devices
involve four-terminal measurements,9,10 the theoretical dis-
cussion on how to extend the definition of the four point
resistance in the context of time-dependent transport, has
been considered only recently. In Ref. 24 we have introduced
the concept of a noninvasive dc voltage probe in a simple
model of a quantum pump. We have extended the ideas of
Refs. 1–5 by representing the probe as a particle reservoir
which is weakly coupled to the driven system at the point
where the voltage is to be sensed. Then, the local dc voltage
is defined as the value of the dc bias that has to be applied at
the probe in order to satisfy the condition of a vanishing dc
particle current between it and the driven system. A similar
route has been recently followed to define the local tempera-
ture from the constraint of a vanishing dc heat current be-
tween the driven system and the probe, as a condition of
local thermal equilibrium.25 The dc four point resistance is
defined as the ratio between the dc voltage drop measured
between two independent weakly coupled voltages probes
and the dc pumped current circulating through the device.24

In this gedanken setup, the two probes correspond to sensing

the voltage difference between two points of the circuit by
means of a dc voltimeter.

In the presence of ac fields, it is, however, interesting to
characterize not only the dc but also the ac component of the
voltage drop. The aim of this work is precisely to discuss the
way to generalize the properties of a voltage probe in order
to sense both the dc and the ac features in the voltage profile.
Following this route, we are lead to the concept of four-
terminal impedance for a quantum driven system, as a con-
comitant extension of the concept of four-terminal resistance.
For sake of simplicity, we mainly focus on the weak-driving
regime. This corresponds to the so-called adiabatic regime,
where the period of the ac voltages is much larger than the
typical time that an electron spends inside the structure �the
dwell time� while the amplitudes of the potentials are much
smaller than the energy scale characterizing the dynamics of
the electrons within the structure. We also analyze these
ideas in a simple model of a quantum-pump device.

In Refs. 15 and 16 it has been pointed out that different
contributions to the dc currents can be identified in setups
under the action of both localized time-dependent potentials
acting on the central structure and ac voltages at the reser-
voirs. The two most relevant contributions are �i� the one due
to pure pumping processes and �ii� the one due to the exis-
tence of a bias applied at the reservoirs. The latter part, in
turn, may contain a component due to a dc bias and a com-
ponent due to the rectification of the ac potentials. Besides
these, there is an additional component in the dc current,
which is due to the interference between the pumping and
rectification processes.16,17 In this work, we show that these
different mechanisms affect the determination of the local
voltage. One remarkable consequence of this fact is that the
solely introduction of an ac voltage at the probe in order to
detect time-dependent features at the structure, originates ad-
ditional scattering processes that modify the dc voltage pro-
file, even when the probe is weakly coupled to the sample.

The paper is organized as follows: In Sec. II the model for
the driven structure and for the ac-dc voltage probe is intro-
duced. We present the theoretical treatment based in non-
equilibrium Green’s functions, used to evaluate the relevant
physical quantities such as the time-dependent currents along
the device. In Sec. III we present results for the parameters
characterizing the ac voltage profile as well as the four-
terminal impedance in a model for a quantum pump. Finally
Sec. IV is devoted to the summary and conclusions.
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II. THEORETICAL TREATMENT

A. Model

We consider the setup shown in the sketch of Fig. 1,
where a structure of a finite size driven by ac potentials is in
contact to two reservoirs at the same temperature and chemi-
cal potential. For simplicity, we adopt units where e=�=1.
We describe the system by the following Hamiltonian:

Hsys�t� = Hcen�t� + �
�=L,R

�H� + Hc,�� , �1�

where L ,R labels, respectively, left and right reservoirs. We
assume a lattice model with N sites for the central driven
system

Hcen�t� = H0 + Hac�t� ,

H0 = − w�
�ll��

�cl
†cl� + H.c.� + �

l

N

�lcl
†cl�,

Hac�t� = �
l,l�

�Ul,l��t�cl
†cl� + H.c.� , �2�

where �ll�� denotes a pair of nearest-neighbor sites and w is
a hopping parameter while Ul,l��t�=Ul,l�

0 cos��0t+�l,l��. Fig-
ure 1 corresponds to an example where this ac potential has
two local components. Assuming that the points of the struc-
ture at which the potentials act are labeled, respectively, by l1
and l2, the driving potential in this example reads: Ul,l��t�
=�l,l���l,l1

U1
0 cos��0t+�1�+�l,l2

U2
0 cos��0t+�2��.

The Hamiltonians for the L and R reservoirs correspond to
free electrons

H� = �
k�

�k�
ck�

† ck�
, �3�

having chemical potential � and equal temperature. The con-
tacts between the driven system and the reservoirs are de-
scribed by tunneling Hamiltonians of the form

Hc,� = w��
k�

�ck�

† cl�
+ H.c.� , �4�

where l� labels the sites of the central lattice that are in
contact with the reservoirs.

We now introduce the model for the ac-dc voltage probe.
It consists in an additional reservoir of noninteracting elec-
trons with a time-dependent bias voltage, which is weakly
coupled to the central device at the point where the potential
is to be sensed. The corresponding Hamiltonian for this sys-
tem reads16,18,26

HP = �
p

��p − UP�t��cp
†cp, �5�

where �p is the dispersion relation corresponding to the free
electrons while the bias UP�t� is assumed to depend harmoni-
cally in time

UP�t� = �
k=−	

+	

e−ik�0tUP
�k�, �6�

having a dc component UP
�0�=�P−� and an ac component

UP
�ac�=�k�0e−ik�0tUP

�k�. The probe couples to the central de-
vice at the site lP through a tunneling term of the form

Hc,P = wP�
p

�cp
†clP

+ H.c.� . �7�

We assume that the probe is noninvasive, which implies that
the tunneling parameter wP is so small that it does not affect
the coherent nature of the transport processes along the
driven central system. The key feature of the probe is that the
potential UP�t� is adjusted in order to satisfy at every time
the condition of a vanishing charge current JP�t�=0 through
its contact to the central device �see Fig. 1�. In this way, the
potential UP�t� is the one satisfying at every time local equi-
librium regarding charge flow between the central system
and the probe. For this reason, it is interpreted as the time-
dependent local potential of the system sensed by the probe.
This definition is precisely an extension of the one originally
proposed by Engquist and Anderson2 to the case of a system
driven by time-dependent fields. It also generalizes the defi-
nition of the dc voltage probe that we have introduced in
Ref. 24, where we have followed a procedure equivalent to
the present one but with UP

�ac�=0. As we shall see, to include
an ac component in the probe voltage introduces significant
corrections to the sensed dc voltage.

B. Sensing an ac-dc local voltage with a probe

The model for the probe we have introduced in the previ-
ous section is completely general. For sake of simplicity, in
what follows we focus on weak driving. Therefore, we as-
sume that the driving potentials U�t� depend at least on two
parameters, in order to produce adiabatic dc currents at low-
driving frequencies �0.15,16,18 We also assume that the corre-
sponding driving amplitudes are small enough to generate
time-dependent currents composed of a single harmonic be-
sides the dc component. In particular, we assume that the
time-dependent current flowing into the reservoir � has the
form

FIG. 1. Sketch of the setup to describe the ac-dc voltage profile.
The central system is driven out-of equilibrium by external ac volt-
ages U1�t� and U2�t� while it is in contact to left �L� and right �R�
reservoirs at the same chemical potential � and temperatures T. An
additional reservoir �the probe� is weakly coupled to device under
investigation. It has a bias with a dc component �P−� and an ac
voltage VP cos��0t+�P� that locally and instantaneously sets the
equilibrium between the probe and the central system from the con-
dition of a vanishing instantaneous current between both systems.
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J��t� = �
k=−1

1

J�
�k�e−ik�0t, �8�

which motivates assuming the following functional form for
the ac voltage at the probe:

UP�t� = �P − � + VP cos��0t + �P� . �9�

This means that the local voltage sensed by the probe be-
comes characterized by the dc bias �P−�, as well as the
amplitude VP and the phase �P of the ac component. These
three parameters are adjusted to satisfy the following set of
three equations:

JP
�k� = 0, k = − 1,0,1, �10�

with JP
�1�= �JP

�−1���.
The evaluation of the different harmonics of the ac current

can be done by resorting to nonequilibrium Green’s-function
formalism. Following Ref. 18, we express the time-
dependent current flowing through the contact between the
central system and the probe in terms of Green’s functions

JP�t� = �
−	

+	

dt1	GlP,lP
R �t,t1�
P

��t1,t� + GlP,lP
� �t,t1�
P

A�t1,t�


�11�

with


P
A�t,t�� = i��t� − t�
�t,t��� d�

2�
e−i��t−t���P��� ,


P
��t,t�� = i
�t,t��� d�

2�
e−i��t−t��f����P��� , �12�

with


�t,t�� = e−i�
t�
t

dt1UP�t1�, �13�

being �P���=2��wP�2�p���−�p�, the spectral density asso-
ciated to the self-energy due to the escape of the electrons
from the central device to the probe. We consider a wide-
band model for this system, which implies a constant density
of states �P���
� , ∀�. The Fermi function f���
=1 / �e���−��+1�, depends on the chemical potential � of the
L and R reservoirs, which we take as a reference and on the
temperature 1 /� that we assume to be same for all the res-
ervoirs. The retarded and lesser Green’s functions are, re-
spectively, evaluated by solving Dyson equations:

− i�t�Ĝ
R�t,t�� − ĜR�t,t��Ĥsys�t� −� dt1ĜR�t,t1�
̂R�t1,t��

= 1̂��t − t�� ,

Ĝ��t,t�� =� dt1dt2ĜR�t,t1�
̂��t1,t2�ĜA�t1,t�� , �14�

with ĜA�t , t��= �ĜR�t� , t��† and 
̂A�t , t��= �
̂R�t� , t��†. The el-
ements of the Green’s-function matrices are defined over the
sites of the central device and 1̂ denotes the identity matrix in
this space. Similarly, the Hamiltonian matrix Ĥsys�t� contains
the matrix elements of Hamiltonian �1� while the self-energy
matrix contains nonvanishing elements only at the sites l�,
that are in contact to the reservoirs �=L ,R , P.

As in previous works,17,18,24 we introduce the following
representation for the retarded Green’s function:

ĜR�t,t�� = �
k
� d�

2�
e−ik�0te−i��t−t��Ĝ�k,�� . �15�

In addition, for weak-driving voltages, it is natural to assume
also weak amplitudes for the dc and ac voltages of the probe.
Thus, the exponential of Eq. �16� simplifies to


�t,t�� 
 �1 − i���P − ���t − t�� + �
t�

t

dt1VP cos��0t1 + �P��� . �16�

Introducing expressions Eqs. �15� and �16� in Eq. �11�, taking into account the assumption of a low-driving frequency by
keeping terms up to O��0�, and keeping terms up to O�wP� due to the noninvasiveness of the probe, we arrive, after some
algebra, to the following expression for current flowing through the contact between the central system and the probe:

JP�t� = �
k=−1

1

�
�=L,R,k�

e−ik�0t� d�

2�

� f���
��

������P���GlP,l�
�k + k�,���GlP,l�

�k�,����

� �VP cos��0t + �P� − � + �P − k��0� − i �
k=−1

1

k�0eik�0t� d�

2�

� f���
��

�GlP,lP
�k,�����P��� . �17�

As discussed in Refs. 16 and 17, it is possible to split the
time-dependent current into different components

JP�t� = Jpump�t� + Jbias�t� . �18�

The first one corresponds to pure pumping processes and
behaves like Jpump�t���0 while the other one is the contri-

bution due to the existence of a bias, and behaves like
Jbias�t��UP�t�. In this approximation we are neglecting the
interference term, which is ��0UP�t�. In terms of the driving
parameters, the latter term contributes at O��0U0

4� to the dc
component and at O��0U0

3� to the first harmonic of the probe
voltage.
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For weak driving, the Dyson equation Eq. �14� can be
solved perturbatively.18 The terms necessary to evaluate the
conditions of Eq. �10� exactly up to O�U0

2�, O��0� and
O�wP� are

Ĝ�t,�� 
 �
k=−1

1

Ĝ�k,��e−ik�0t, �19�

with

Ĝ�0,�� 
 Ĝ0��� ,

Ĝ��1,�� 
 Ĝ0���V̂��1�Ĝ0��� , �20�

where Ĝ0��� is the equilibrium retarded Green’s function of
the central system described by the Hamiltonian H0, coupled
only to the L and R reservoirs while

Vl,l�
��1� =

Ul,l�
0

2
e�i�l,l�. �21�

Inserting these functions into in the time-dependent current
Eq. �17� and imposing the conditions Eq. �10�, we obtain the
following set of linear coupled equations that must be ful-
filled in order to have a vanishing time-dependent current:

� − �P = �0�P
�0� + Re	VPei�P�P

�1�
 , �22�

VP

2
e−i�P = �0�P

�2� + �� − �P��P
�1�, �23�

being

�P
�0� = −

�
�

�
k=�1

k�GlP,l�
�k,���2�����

�P
,

�P
�1� =

�
�

�
k=−1

0

GlP,l�
�k + 1,���GlP,l�

�k,���������

�P
,

�P
�2� = −

�
�

GlP,l�
�0,���GlP,l�

�− 1,���������

�P

− i
�GlP,lP

�− 1,����

�P
,

�P = �
�

�GlP,l�
0 ����2����� , �24�

where the sum in � runs over L ,R and, for simplicity, we
have assumed zero temperature. It is interesting to notice in
the above equations, that the very existence of an ac compo-
nent in the voltage probe �VP� modifies the dc component of
the voltage profile �P−�.

Finally, keeping only terms up to O�U0
2� in the solution of

Eqs. �22� and �23�, we obtain the dc and ac components of

the voltage profile sensed by the voltage probe. They, respec-
tively, read

� − �P = �0��P
�0� +

1

2
Re��P

�1���P
�2����� , �25�

VPe−i�P = 2�0�P
�2�, �26�

where dc the component is ��0U0
2 while the ac one is

��0U0.
At this point it is important to compare Eq. �25� with the

result obtained for the case of a dc probe, as the one consid-
ered in Ref. 24. The latter case corresponds to take VP=0, in
the above expressions, which in turn leads to a dc voltage
profile �P−� given only by the first term of Eq. �25�. It is
easy to verify that this result coincides with Eq. �16� of our
previous work.24,27 The dc voltage probe senses scattering
events at static barriers, such as walls and impurities of the
structure, as well as at the dynamical pumping centers, with
the characteristic that they take place within the same Flo-
quet channel. These processes are contained in the first term
��P

�0�� of the above expressions. On the other hand, the ac
component of the voltage profile senses additional effects
due to scattering processes between different Floquet com-
ponents. These are collected into the terms �P

�1� and �P
�2� of

Eq. �25�. The remarkable and new feature that the ac-dc volt-
age probe brings about is contained in these inter-Floquet-
scattering processes that lead to a correction of the same
order in the driven parameters, i.e., an extra term ��0U0

2,
that has to be added to the result obtained with a dc voltage
probe.

C. Four-terminal impedance

The dc component of the current entering the L and R
reservoirs satisfies the relation JL

�0�=−JR
�0�. However, the

higher harmonics J�
��1� are not expected to satisfy such a

condition �see Ref. 21�. This is because there may be instan-
taneous accumulation of charge with vanishing average
along the structure. Therefore, in order to define the imped-
ance of the device, we choose the current flowing through
the left contact as a reference.

For weak driving, the time-dependent currents, Eq. �8�
flowing into the L and R contacts have the following com-
ponents:

J�
�0� = �0 �

�=L,R
�

k

����������k�Gl�,l�
�k,���2,

J�
��1� = �0 �

�=L,R
�

k=�1,0
����������

� kGl�,l�
�k � 1,��Gl�,l�

�k,���

� iGl�,l�
��1,���	�����
 , �27�

being J�
�1�= �J�

�−1���, with the Green’s functions given by Eqs.
�19� and �20�.

In a four-terminal measurement, with ac-dc noninvasive
probes, the voltage drop between the points lP and lP� is
simply the difference of the voltage sensed by each probe,
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regarding each of them as independent of one another, thus

�V�t� = �
k=−1

1

�V�k�e−ik�0t, �28�

being the ac and dc components, respectively

�V��1� = VPe�i�P − VP�e
�i�P�,

�V�0� = �P − �P�. �29�

Thus, the four point impedance also has ac and dc compo-
nents defined as follows:

Z�k� =
�V�k�

JL
�k� , k = − 1,0,1, �30�

being Z�1�= �Z�−1���. In linear circuits with ac and dc sources,
the dc component of the impedance, Z�0� is simply the resis-
tance, and it coincides with the real part of Z�1�. In our quan-
tum case, we cannot provide any proof on the validity of
such a relation between the two components of the imped-
ance, and we must simply regard them as providing different
pieces of information about the driven system.

Of particular interest is the behavior of Z�0�, which should
be regarded as an extended definition of the dc four point
resistance R4t we have introduced in Ref. 24. In the next
section we present results for a particular model of driven
system. In general, we can notice that the four-terminal re-
sistance sensed by dc probes is associated with the first term
of Eq. �25�

R4t = �0

�P�
�0� − �P

�0�

JL
�0� . �31�

The dc impedance contains an additional term, which is of
the same order of magnitude, associated to scattering pro-
cesses mediated by the ac voltage of the probe

Z�0� = R4t + �0

Re��P�
�1���P�

�2��� − �P
�1���P

�2����

2JL
�0� . �32�

III. RESULTS FOR A SIMPLE MODEL OF A QUANTUM
PUMP

We now examine the concepts introduced in the previous
section in the context of a quantum pump device. We con-
sider a simple model where two ac gate potentials with the
same amplitude V0 oscillate with a phase lag � at two barri-
ers confining a quantum dot. The dot and barriers are de-
scribed by the Hamiltonian H0 introduced in Sec. II A, with
hopping between nearest-neighbor positions on a one-
dimensional lattice of N sites, and barriers at the positions lA
and lB of that lattice

�l,l� = �l,l���l,lA
+ �l,lB

�EB. �33�

The driving terms read

Ul,l� = V0�l,l��cos��0t + ���l,lA
+ cos��0t��l,lB

� . �34�

The behavior of the dc and ac components of the voltage
profile are shown, respectively, in Figs. 2 and 3, as functions

of the position of the structure at which the probe is con-
nected, lP, and the phase lag � of the pumping potentials. In
the case of the ac component, we plot separately the behavior
of the real and imaginary part of VPei�P.

As discussed in the ac-dc voltage probe senses a profile
which significantly differs from the one sensed by a pure dc
probe like the one we have considered in Ref. 24. This is
because, the dc probe measures just the scattering processes
that take place within a single Floquet channel, which are
described by only the first term of Eq. �25�. Instead, the
additional ac components of voltage of the probe, VP

�i�P, me-
diate scattering processes between different Floquet chan-
nels. The consequence is that the dc component of the profile
sensed by the ac-dc probe contains, in addition, the second
term of Eq. �25�, which is of the same order of magnitude as
the first one.

In order to make clear the difference between the two
procedures of defining the dc component of the voltage pro-
file, we plot the prediction of Eq. �25� for a set of represen-
tative values of the phase lag � in Fig. 4, also showing in
dashed lines the prediction obtained from a pure dc probe
like the one of Ref. 24. We notice that several interesting
features can be identified in the voltage landscape for the
case of the general ac-dc probe.

FIG. 2. �Color online� Contour plot for the local dc component
of the voltage �P sensed by the ac-dc voltage probe as function of
the probe position lP along the system �horizontal axis� and the
phase lag �. We consider a quantum pump modeled by a driven
chain with by N=99 sites with two barriers of height EB=0.2 lo-
cated at lA=30 and lB=70 as indicated by the vertical dashed lines.
The chemical potential is �=0.2, which corresponds to kF=1.47.

FIG. 3. �Color online� Contour plot for the real �left panel� and
imaginary part �right panel� of the ac component of the local poten-
tial VPei�P sensed by the ac-dc voltage probe as function of the
probe position lP along the system �horizontal axis� and the phase
lag �. Other parameters are the same as in Fig. 2.

AC-DC VOLTAGE PROFILE AND FOUR POINT… PHYSICAL REVIEW B 82, 125434 �2010�

125434-5



A first point worth of mention is that for the present sys-
tem, which contains two pumping potentials with the same
amplitude, the dc voltage profile sensed by a dc probe is flat
along the structure and equal to zero when �=0,�. This
behavior goes in line with the behavior of the dc current
along the structure, which vanishes for these values of the
phase lag as a consequence of the symmetries of the
system.19 Moreover, it can be shown that for weak driving
the dc current in this model behaves like
J0��0�V0�2sin���,14,18 and that for a fixed position of the
probe, the dc voltage sensed by the dc probe follows exactly
this behavior as a function of �.24 In the case of the probe
containing the additional ac voltage, the dc and ac compo-
nents of the current along the structure are not affected by
the probe, provided that it is weakly coupled. However, the
additional inter-Floquet-scattering processes mediated by the
probe contribute to break symmetries and the dc profile is no
longer an odd function of �, displaying nonvanishing fea-
tures for �=0,�, as shown in Figs. 2 and 4. Our results show
that the dc profile remains invariant under the following si-
multaneous transformations: �→−� ; x→−x, where the lat-
ter operation denotes a spatial inversion with respect to the
center of the structure �see Fig. 2�. On the other hand, the
analysis of the ac component of the voltage shown in Fig. 3
cast the invariance of the amplitude VP under the simulta-
neous transformation: �→−� ; x→−x ; �P→�P+�. These
symmetry properties are rather expected and fully consistent
with the symmetry properties of the structure we are study-
ing. However, we stress the remarkable fact that the dc volt-
age profile does not follow as a function of � the behavior of
the dc component of the current, as it is the case of the one
defined from the pure dc probe. In the simple one-channel
model we are considering, we cannot analyze the symmetry
properties of the voltage profile in the presence of a magnetic
field. In general, in the presence of a magnetic flux B, the
noninteracting Green’s function satisfies the following sym-

metry: Ĝ0�B ,��→ �Ĝ0�−B ,���t, where the superscript t de-
notes the transposed matrix. The way in which this transfor-

mation affects the voltages, Eqs. �22� and �23� is not obvious
and is expected to be model dependent. This is also the case
of the dc pumped current, as discussed in previous
works.13,14

Another feature worth of notice is the pattern distin-
guished as a sequence of fringes in Figs. 2 and 3 and as
oscillations of the dc and ac voltage landscapes of Figs. 4
and 5. The ultimate origin of these features is the existence
of Friedel oscillations. For this reason, they show the char-
acteristic spatial period of 2kF. In fact, it can be verified that
the function A sin�2kFlP+��, with suitable factors A and �,
and lP adopting integer values �recall that we are studying a
lattice model�, displays the same plot as the oscillatory part
of the plots shown in this figure, for the considered value of
kF. The sources for these oscillations are the different scat-
tering centers of static and dynamical character. In particular,
each of the two barriers of the structure, defined in the static
profile, Eq. �33�, behaves like a static impurity which gener-
ates usual Friedel oscillations.5 On top of this, we also have
dynamical scattering centers due to the pumping potentials.
The consequence is the generation of 2kF oscillations in both
dc and ac components of the local density of states along the
system.24 The ensuing scattering processes being encoded
within the different components of the Green’s function
G�k ,�� ,k=−1,0 ,1 and are detected in the dc as well as in
the ac components of the voltage probe. The oscillations gen-
erated at the different sources, interfere and may become
vanishingly small within some regions of the sample, de-
pending on the value of the phase lag � �see, for example, the
central region between the two barriers in the two left-hand
panels of Fig. 4 and in the top panels of Fig. 6�. Notice that,
besides the oscillations, the ac, voltage at the probe leads to
a dc voltage drop that can be as large as twice the magnitude
defined by a pure dc probe. This feature is important since in
real experiments like that of Ref. 9, it is the voltage drop the
measured quantity from where the pumped dc current is in-
ferred. The dc voltage drop sensed by a pure dc probe is
related to this current by a simple multiplicative factor, the
dc four point resistance R4t, which is expected to depend
only on the properties of the sample. However, the presence
of an ac voltage at probe can increase the dc voltage drop in
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FIG. 4. �Color online� The local dc component of the voltage �P

sensed by the ac-dc voltage probe as function of the probe position
lP along the system for different phase lags �, which are indicated
in the figure. In dashed lines, we indicate the profile corresponding
to sensing with a dc probe. Other parameters are the same as in
Fig. 2.
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FIG. 5. �Color online� The real �left� and imaginary �right� local
ac component of the voltage VPei�P sensed by the ac-dc voltage
probe as function of the probe position lP along the system for
different phase lags �=0,� /2,�, �top to bottom�. Other parameters
are the same as in Fig. 2.
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a way that when simply dividing this quantity by R4t, the
inferred dc current can significantly differ from the actual
one. In Refs. 15 and 16 it has been pointed out that the
presence of voltage probes could increase the intensity of the
dc current through the structure, by adding to the pumped
current a contribution due to rectification mechanisms. Our
results suggest that the dc current through the structure may
remain unaffected by the probe but when its magnitude is
obtained by naively dividing the dc voltage drop by some
estimate for R4t, we could conclude that it is much larger
than its actual value.

Finally, we show in Figs. 6 and 7, respectively, the dc and
ac components of the impedance for a particular value of the
phase lag. As discussed in the dc component Z�0� differs from
the dc four-terminal resistance R4t by the term due to scat-
tering processes mediated by the ac potential of the probe. In
Ref. 24 we have shown for the present simple model of a
quantum pump, that R4t of the full device, defined from a dc
four-terminal measurement with probes connected outside
the driven region, is a universal property of the system, in-
dependent of the driving mechanism. Namely, it coincides
with the one defined when the transport is induced by an
equivalent dc voltage applied between the L and R reser-
voirs. On the contrary, the impedances Z�0� and Z�1�, strongly

depend on the positions where the probes are connected and
account for the spacial oscillations of the voltage profile.
Irrespectively of the position of the probes, for a given �, the
behavior of the impedances along the structure contain the
2kF oscillations of the voltage profiles.

IV. SUMMARY AND CONCLUSIONS

In this work we have introduced the theoretical concept of
the ac-dc voltage probe, as a weakly coupled reservoir with a
time-dependent voltage which instantaneously adapt to fulfill
the local equilibrium condition of both dc and time-
dependent current flowing between the driven system and the
probe. We have focused on the weak-driving regime, where
the currents, as well as the probe voltage contain a single
harmonic on top of their dc components. The procedure we
have introduced, can be generalized to consider stronger
driving and include additional harmonics. Under the assump-
tion of noninvasive probes, the information of the voltage
drop is enough to define the four point impedance.

We have found that the dc component of the voltage de-
fined in this way, differs from the one defined by a pure dc
voltage probe. In particular, the ac-dc probe is able to capture
scattering processes between different Floquet channels that
are not detected by the pure dc one. These additional pro-
cesses are of the same order of magnitude as the inter-
Floquet ones and may introduce relevant qualitative features
in the behavior of the voltage profile. In the particular case of
a quantum pump with two ac potentials oscillating with a
phase lag, the dc voltage profile does not follow the same
functional behavior with the phase lag observed in the dc
current. This feature also plagues the behavior of the dc com-
ponent of the impedance Z0. As a consequence, unlike the dc
four point resistance R4t, the dc impedance is not a universal
quantity which depends on just the geometrical properties of
the structure but also depends on the position at which the
voltage probes are connected.

One of the important messages of these theoretical ideas
toward the experimental realm is related to the inference of
the behavior of the dc current induced in the quantum pump
from a four-terminal voltage measurement. The relation be-
tween these two quantities is not a simple factor as it could
be naively expected. In Refs. 15 and 16 it was discussed that
the ac potentials of the voltage probes used in four-terminal
measurements in quantum pumps, as in the experiment by
Switkes and co-workers,9 could act as additional sources and
result in a dc current higher than the one induced by bare
pumping potentials. In this work, we have considered nonin-
vasive probes, which do not induce additional rectified cur-
rents through the structure. We have, however, shown that
they anyway introduce additional scattering processes with
the outcome of additional features in the sensed voltage land-
scape.

ACKNOWLEDGMENTS

We thank M. J. Sanchez for many discussions. We
acknowledge support from CONICET, PIP 1212-09, UBA-
CYT, Argentina, and J. S. Guggenheim Foundation �LA�.

0 20 40 60 80 100
l
P’

0

0.5

1

1.5

2

2.5
Z

(0
)
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